Let f : A → B be a ring homomorphism and let J be an ideal of B. In this paper, we give a characterization for the amalgamation of A with B along J with respect to f (denoted by R f J) to be (uniquely) clean.
2.4. Theorem. Let f : A → B be a ring homomorphism and J an ideal of B such that f (u) + j is invertible (in B) for each u ∈ U (A) and j ∈ J. Then, A f J is clean (resp., uniquely clean) if and only if A is clean (resp., uniquely clean).
More generally, if J ∩ Idem(B) = 0 then, the following are equivalent:
(1) A f J is clean (resp., uniquely clean). (2) A is clean (resp., uniquely clean) and J ⊆ Rad(B).
We need the following lemma.
2.5. Lemma. Let f : A → B be a ring homomorphism and let J be an ideal of B such that J ∩ Idem(B) = 0. Then Idem(A f J) = {(e, f (e)) | e ∈ Idem(A)}.
Proof. Let (e, f (e) + j) be an idempotent element of A f J. It is clear that e must be an idempotent element of A. On the other hand, (f (e) + j)
Assume that A is clean and f (u) + j is invertible (in B) for each u ∈ U (A) and j ∈ J. Consider (a, j) ∈ A × J. Since A is clean, a = u + e where u and e are respectively unit and idempotent in A. Moreover, 1) ). Hence, (a, f (a) + j) = (u, f (u) + j) + (e, f (e)) is the sum of a unit and an idempotent element in A f J. Consequently, A f J is clean. Assume moreover that A is uniquely clean. Since J ∩ Idem(B) = (0) (as we see in the first lines of the proof) and by lemma 2.5, Idem(A f J) = {(e, f (e)) | e ∈ Idem(A)}. Suppose now that we have (u, f (u) + j) + (e, f (e)) = (u , f (u ) + j ) + (e , f (e )) where (u, f (u) + j), (u , f (u ) + j ) ∈ U (A f J) and e, e ∈ Idem(A). Clearly, u, u ∈ U (A), and u + e = u + e . Since A is uniquely clean u = u and e = e . Thus, (e, f (e)) = (e , f (e )) and (u, f (u) + j) = (u , f (u ) + j ). Consequently, A f J is uniquely clean, as desired. Assume that J ∩ Idem(B) = (0).
(1) ⇒ (2) We have only to prove that J ⊆ Rad(B). Consider j ∈ J and x ∈ B. Since A f J is clean and by (1) above, (0, xj) = (u, f (u) + xj) + (e, f (e)) where (u, f (u) + xj) is unit in A f J and e ∈ Idem(A). We have 0 = u + e and so u = −1 and e = 1. Therefore, 1 − xj = −(f (−1) + xj) is invertible in B and then j ∈ Rad(B).
(2) ⇒ (1) Follows from above since for each
2.6. Corollary. Let f : A → B be a ring homomorphism and J an ideal of B such that J ⊆ Rad(B). Then A f J is clean (resp., uniquely clean) if and only if A is clean (resp., uniquely clean).
Proof. Let x ∈ J ∩ Idem(B). Since J ⊆ Rad(B), there exists a positive integer n such that x n = 0. On the other hand, x is an idempotent element, and then x = x n = 0. Thus, J ∩ Idem(B) = (0). Consequently, the result follows directly from Theorem 2.4. The next result shows that the characterization for A f J to be (uniquely) clean can be reconducted to the case where A is a reduced ring and J ∩ Nilp(B) = (0).
